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Abstract. Let D be a relatively compact strongly pseudoconvex do- 
main in a Stein manifold S. We prove that for every complex manifold 
Y the set A(D, Y) of all continuous maps D — » Y which are holomor- 
phic in D is a complex Banach manifold, and every / £ A(D, Y) can 
be approximated uniformly on D by maps holomorphic in open neigh- 
borhoods of D in S. Analogous results are obtained for maps of class 
A r (D), r € N. We also establish the Oka property for sections of contin- 
uous or smooth fiber bundles over D which are holomorphic over D and 
(— i whose fiber enjoys the Convex approximation property (Theorem 1 1, 7 1) . 
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1. Introduction 

Let D be a relatively compact strongly pseudoconvex domain in a Stein 
manifold S, and let Y be a complex manifold. For r G Z + we denote 
by C r {D,Y)_ the set of all C r maps D -> Y and by A r (D,Y) the set of 
all / G C r (D,Y) which are holomorphic in D. Set X(D,y) = A°(D,Y), 
C r {D,C) =C r (D), A r (D,C) = A r (D). 

In this paper we use the technique of holomorphic sprays to investigate 
. the structure of the space A r (D, Y) and to obtain approximation theorems 

for holomorphic maps. A holomorphic spray is a family of maps in a given 
space of maps (such as A(D, Y)), depending holomorphically on a parameter 
t in an open set P C C^; the domination condition means submersivity with 
# ^ respect to the parameter t € P at t = (Def. 12. ip . 

^ . Theorem 1.1. Assume that D is a relatively compact, strongly pseudo- 

convex domain with C e boundary (I > 2) in a Stein manifold. For each 
r G {0, 1,...,£} and for every complex manifold Y the space A r (D, Y) is a 
complex Banach manifold. 

Theorem 11.11 follows from Corollary 14.41 to the effect that the set of all 
maps in A r (D, Y) which are C°-close to a given /q G A r (D, Y) is isomorphic 
to the set of all C°-small sections of the complex vector bundle f^iTY) — > D 
which are holomorphic in D and of class C r (D). This gives a local chart 
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around /o G A r (D,Y) with values in the Banach space T r ^(D, /q (TY)) of 
all sections D — > f^(TY) of class C r (D) which are holomorphic in D, and 
it is easily seen that these charts are holomorphically compatible. This 
Banach manifold structure is natural in the sense that the evaluation map 
D x A r (D, Y) —¥ Y is holomorphic. 

For the disc A = {z € C: \z\ < 1}, the Banach manifold A(A,Y) is 
locally modeled on the complex Banach space ^4(A) n with n = dimY. In 
view of the Oka-Grauert principle for vector bundles of class A(D), due 
to Leiterer [36], the same holds whenever every continuous complex vector 
bundle over D is topologically trivial. 

Lempert |38j obtained analogous results for the space of all C k maps from 
a compact C k manifold V into a complex manifold M , showing that C k (V, M) 
is a Banach manifold if k € Z + , resp. a Frechet manifold if k = oo. He also 
described a complex manifold structure on the space of real analytic maps 
by considering Stein complexifications. Like in our case, maps /: V — > M 
near a given map /o correspond to C°-small sections of the vector bundle 
/qTM. (In this direction see also [29j EUJ [32], [33]; for the corresponding 
theory of mappings between smooth real manifolds see Palais [44, 45 j.) 

We now turn to holomorphic approximation theorems. 

Theorem 1.2. Assume that D d S is a strongly pseudoconvex domain with 
C e boundary (£ > 2) in a Stein manifold S, Y is a complex manifold and 
r G {0, 1, . . . , £}■ Any map in A r (D, Y) can be approximated in the C r (D, Y) 
topology by maps holomorphic in open neighborhoods of D. 

When S = C n , Y = C and r = 0, this classical result follows from the 
Henkin- Ramirez integral kernel representation of functions in A{D) \12\ l3T[ 
|4"B"[ |2"3[ p. 87]. Another approach is to cover bD by finitely many open 
charts in which bD is strongly convex, approximate the given function in 
A(D) by a holomorphic function in each of the charts and patch these local 
approximations into a global one by solving a Cousin problem with bounds. 
This method also works for r > by using a solution operator to the in- 
equation for (0, l)-forms with C estimates (Range and Siu [47], Lieb and 
Range [40], Michel and Perotti [41]). For approximation on certain weakly 
pseudoconvex domains see Fornaess and Nagel [6]. 

The kernel approach essentially depends on the linear structure of the 
target manifold and does not seem amenable to generalizations. In this 
paper we adapt the second approach mentioned above to an arbitrary target 
manifold Y by using the method of sprays. A crucial ingredient is a result 
from [5j concerning gluing of pairs of sprays on special configurations of 
domains called Cartan pairs. Using this gluing technique we show that any 
/o € A r (D,Y) is the core map of a dominating spray (Corollary I4.2j) . This 
immediately implies Theorem 1 1.1[ and Theorem ll.2l is then obtained by the 
bumping method alluded to above. We prove the analogous approximation 
result for sections of holomorphic submersions (Theorem l5.1j) . When r > 2, 
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a different proof can be obtained by using the fact that the graph Gf = 
{(z, f(z)) : z € D} C S x Y of any map / € A 2 (D, Y) admits a basis of open 
Stein neighborhoods in S X Y [5, Theorem 2.6]. 

For approximation of holomorphic maps from planar Jordan domains to 
(almost) complex manifolds see D. Chakrabarti [31 Theorem 1.1.4], [3]. 

For maps from domains in open Riemann surfaces we obtain the following 
stronger result which extends Theorem 5.1 in [5]. 

Theorem 1.3. Let D be a relatively compact domain with C 2 boundary in 
an open Riemann surface S and let Y be a (reduced, paracompact) com- 
plex space. Every continuous map D — > Y which is holomorphic in D can be 
approximated uniformly on D by maps which are holomorphic in open neigh- 
borhoods of D in S. The analogous result holds for maps of class A r (D, Y). 

The domains of the approximating maps in Theorems 1 1 . 2 1 and 1 1 . 3 1 must in 
general shrink to D. For target manifolds Y satisfying the following Convex 
approximation property we also obtain global approximation results. 

Definition 1.4. [13, Def. 1.1] A complex manifold Y enjoys the Convex 
Approximation Property (CAP) if any holomorphic map from a neighbor- 
hood of a compact convex set K C C n (n £ N) to Y can be approximated 
uniformly on K by entire maps C n — > Y. 

Recall that a compact set K in a complex manifold S is 0(«S)-convex if 
for every point p G S\K there is a holomorphic function g € 0{S) satisfying 
\g(p)\ > sup zeK \g(z)\. 

The following is a consequence of Theorem 1 1 . 2 1 and the main result of [13] ; 
for a more general result see Corollary 15.31 below. 

Corollary 1.5. Assume that S is a Stein manifold and D <s S is a strongly 
pseudoconvex domain with C boundary (I > 2) whose closure D is O(S)- 
convex. Let r G {0,1, ...,£} and let f ': S — » Y be a C r map which is 
holomorphic in D. If Y enjoys CAP then f can be approximated in the 
C r (D,Y) topology by holomorphic maps S -^Y which are homotopic to f. 

We shall now extend Corollary [T3] to sections of certain holomorphic fiber 
bundles over compact strongly pseudoconvex domains. 

Definition 1.6. Assume that D <s S is domain with C e boundary (£ > 2) 
in a Stein manifold S, Y is a complex manifold and r £ {0, 1, . . . ,£}. An 
A r Y (D) -bundle is a fiber bundle h: X -> D with fiber h' 1 ^) ~ Y (z € D) 
which is smooth of class C r (D) and is holomorphic over D. More precisely, 
every point zq € D admits a relatively open neighborhood U in D and a C r 
fiber bundle isomorphism <£: X\u = h~ l (U) — > U xY which is holomorphic 
over U n D. 

We denote by T r (D,X) the set of all sections /: D — > X of class C , and 
by T^(D,X) the set of all / G T r (D, X) which are holomorphic over D. 
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Theorem 1.7. (The Oka property for sections of .4 r (-D)-bundles) Assume 
that D <e S is a strongly pseudoconvex domain with C e boundary (£ > 2) 
in a Stein manifold S and h: X — > D is an Ay(D)-bundle for some r € 
{0, 1, . . . , £}. If the fiber Y = h- l (z) (z G D) enjoys CAP then 

(i) every continuous section /o £ F(D,X) = T°(D,X) is homotopic to 
a section f\ € F r ^(D,X), and 

(ii) every homotopy {ft}te[o,i] G T(D,X) with / ,/i G r^(£>, A) can 6e 
deformed with fixed ends to a homotopy in T r ^(D,X). 

Theorem 11.71 is proved in §6; a more precise result, with approxima- 
tion on certain compact sets in D, is Theorem 16.11 Theorem 11.71 also ap- 
plies if the base D is a compact complex manifold with Stein interior and 
smooth strongly pseudoconvex boundary; such manifold is diffeomorphic to 
a strongly pseudoconvex domain in a Stein manifold by a diffeomorphism 
which is holomorphic in the interior |28|, |4"3] (some loss of smoothness may 
occur). In this connection we mention Catlin's boundary version [2] of the 
Newlander-Nirenberg integrability theorem [42] . 

For fiber bundles over open Stein manifolds (without boundary) the cor- 
responding result was obtained in [13] (see also [El ETJ [34]). The classical 
case when X — > S is a principal G-bundle, with fiber a complex Lie group 
G, is due to H. Grauert [191 120] . His results imply that the holomorphic 
classification of principal G-bundles over Stein spaces agrees with the topo- 
logical classification. (See also the exposition of H. Cartan pQ and the papers 
[3 El [13 [25].) A. Sebbar [48j proved the analogous result for principal G- 
bundles which are smooth on the closure of a pseudoconvex domain D C C n 
and holomorphic over D. 

The CAP property of the fiber Y is both necessary and sufficient for valid- 
ity of a stronger version of Theorem 11.71 (i) with approximation on compact 
holomorphically convex subsets (see Theorem 16.11 (i)). In the absence of 
topological obstructions, CAP of Y also implies extendibility of holomor- 
phic maps from closed complex subvarieties in Stein manifolds to Y [35] . 
Among the conditions implying CAP are (from strongest to weakest): 

(a) homogeneity under a complex Lie group (Grauert [19]). 

(b) the existence of a dominating spray on Y (Gromov [21]), and 

(c) the existence of a finite dominating family of sprays [9] . 

Further examples of manifolds enjoying CAP can be found in \12\ [T3] . 

The paper is organized as follows. In §2 we recall the notion of a (domi- 
nating) holomorphic spray and some of the related technical tools developed 
in [5]. A key ingredient is Proposition 12.41 concerning gluing of holomorphic 
sprays on Cartan pairs (Def . 12. 3ft . In sections 3 and 4 we obtain some tech- 
nical results on the existence and approximation of sprays. Theorem 1 1.1 1 is a 
consequence of Corollary 14 . 31 which provides linearization of a neighborhood 
of any section of class A r (D). In §5 we prove Theorems 11.21 and 11.31 In §6 
we prove Theorem 16.11 which includes Theorem 11.71 
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2. Gluing sprays on Cartan pairs 

In this section D is a relatively compact, strongly pseudoconvex domain 
with C 1 - boundary [i > 2) in a Stein manifold S and h: X — » D is either 
an Ay (-D)-bundle for some r G {0, ...,£}, or the restriction to D of a holo- 
morphic submersion h: X — > 5. (Our results also apply if /i: X — » Z) is a 
smooth submersion which is holomorphic over D.) 

Let YT^X = ker dh x denote the vertical tangent space at a point x £ X. 

Definition 2.1. Assume that P is an open set in containing the origin. 
An h-spray of class A r {D) with the parameter set P is a map / : D x P — > X 
of class C which is holomorphic on D x P and satisfies h(f(z,t)) = z for 
all z € 5 and t G P. We call /q = /(• , 0) the central (or core) section of the 
spray. A spray / is dominating on a subset K <Z D \i the partial differential 

d t \ t=0 f(z,t):T C N = C N ^ VT f{z>0) X 

is surjective for all z G K; if this holds with K = D then / is dominating. 

A (dominating) 1-parametric h-spray of class A r (D) and parameter set 
P is a continuous map /: [0, 1] x D x P — > X such that for each s G [0, 1], 
f s = f(s, ■ , ■ ) : D x P — > X is a (dominating) /i-spray of class yl r (P), and 
the derivatives of f s of order < r are continuous with respect to all variables 
(including s). 

For a product fibration h: X = D x Y ^> D, h(z, y) = z, we can identify 
an /i-spray l)xP->I with a spray of maps f : P x P — > Y by composing 
with the projection D x Y ^ Y , (z,y) — > y. Such a spray is dominating on 
K <Z D \i dt\t=of(z, t) : TqC n — ► Tjt z>Q \Y is surjective for all z £ K. 

In applications the parameter set P will be allowed to shrink around 
G C . If / is dominating on a compact subset K of D then by shrinking 
P we may assume that dtf(z,t): T t C N — > VT^ Z ^X is surjective for all 
{z,t)£KxP. 

Remark 2.2. Our definition of a spray is similar to Def. 4.1 in [5], but is 
adapted for use in this paper. Sprays were introduced to the Oka-Grauert 
theory by Gromov [21] to obtain approximation and gluing theorems for 
holomorphic sections. In Gromov's terminology (which was also used in 
[15} [TBI [T7] ) a dominating spray on a complex manifold Y is a holomorphic 
map s : E — > Y from the total space of a holomorphic vector bundle tt : E — > 
Y" such that s(0y) = y and dso y (E y ) = T y Y for every point y G Y. When 
E = Y x C N , we get for any holomorphic map fo : D — ► Y a dominating spray 
f:Dx C N — > Y (in the sense of Def. EU> by setting = s(f (z),t). 

Global dominating sprays (with the parameter set P = C^) exist only rarely. 
Sprays whose parameter set is a (small) open subset of have been called 
local sprays in the literature on the Oka-Grauert problem. 

Definition 2.3. A pair of open subsets Dq,D\ d S in a Stein manifold S 
is said to be a Cartan pair of class C £ (£ > 2) if 
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(i) Dq, D\, D = DqU Di and Z?o,i = A)H.Di are strongly pseudoconvex 
with C e boundaries, and 

(ii) D \Di n Di\D = (the separation property). 

We say that D\ is a convex bump on Dq if, in addition to the above, there is 
a biholomorphic map from an open neighborhood of D\ in S onto an open 
subset of C n (n = dim S) which maps D\ and D$ t i onto strongly convex 
domains in C n . 

The following proposition and its proof are crucial for all that follows. 

Proposition 2.4. (Gluing of sprays) Let (Dq,D\) be a Cartan pair of class 
C e (£ > 2) in a Stein manifold S and set D = Dq U D\, Z?o,i = Dq fl D\. 
Assume that h: X — > D is either an Ay{D)-bundle for some r G {0, . . . ,£}, 
or the restriction to D of a holomorphic submersion X — > S. 

Given an h-spray f: Dq x Pq — > X (Pq C C ) of class A t {Dq) which 
is dominating on Dq^, there is an open set P C C^, with G P <s Pq, 
satisfying the following. For every h-spray f ' : D\X Pq — > X of class A r {D\) 
which is sufficiently C r close to f on Do,i x Pq there exists an h-spray g: Dx 
P — > X of class A r (D), close to f in the C r topology on Dq x P, such that 
90 = <?(' j 0) * s homotopic to /q on Dq and is homotopic to f' Q on D\. If f 
and f agree to order m G N along I?o,i x {0} then g can be chosen to agree 
to order m with f along Dq x {0} and with f along D\ x {0}. 

If in addition a C Dq is a common zero set of finitely many A t {Dq) 
functions and a n Z?o,i = then g can be chosen such that gQ agrees with /o 
to a given finite order on a . 

The analogous result holds for 1-parametric sprays. 

Proposition 12.41 follows from Proposition 4.3 in [5]. For later reference we 
recall the main steps of the proof: 

Step 1: Lemma 4.4 in [5] gives a domain Pi (s Pq containing the origin 
and a transition map 7: Z)o,i X Pi — * C N of class A 7 '(Dq i i X Pi), close to 
the map jo(z,t) = t in the C r topology (the closeness depending on the C r 
distance of /' to / on Dq \ x Pq) and satisfying 

f(z,t) = f'(z, 7 (z,t)), A),i, tePL 

Step 2: Let P d Pi be a domain containing the origin G C . If 7 
is sufficiently C-close to 70 on Dq \ x Pi then Theorem 3.2 in [5] furnishes 
maps a : Dq xP-> and f3 : D\ x P — > C , of class A r on their respective 
domains, satisfying 

7(2, a(z, t)) = P(z, t), z G D 0jl , t G P. 

Step 3: It follows that the sprays f(z,a(z,t)) and f'(z, (3(z,t)), defined 
on Dq x P resp. on D\ x P, amalgamate into a spray g: D x P — > Z with 
the stated properties. (Compare with (4.4) in [5].) 
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3. Approximation of sprays on convex domains 
The following approximation result will be used in §4. 

Lemma 3.1. Assume that C C B is a pair of bounded strongly convex 
domains with C 2 boundaries in C n , P C C N is an open set containing the 
origin, and Y is a complex manifold. Given a spray of maps f : C x P — > Y 
of class A r (C, Y) (r > 2) whose central map f = /(■ ,0) extends to a map 
B — ► Y of class A r (B,Y), there exist 

(i) open sets P D Pi D P 2 3 • • • in C N , with P C P and G Pj for 
all j G Z +; 

(ii) relatively open domains flj C B x satisfying 

{CxP )U(BxP j )cn j , j = 0,1,2,..., 

(iii) a sequence of maps Fj : Qj — > 1" o/ c/ass ^4, r (f2j, V) (j G Z + ) 

suc/i i/tai , 0) = /o on B /or a// j G Z + anc? t/ie sequence Fj converges 
to f in the C r topology on C x Pq as j — > oo. 

// in addition we are given a vector bundle map L: B x C N ^ TY of 
class A r (B) covering /o fie. ; suc/t t/iat the linear map L z : {z} x C N — > 
^7(z,o)^ ^ s °/ c ^ fl s s C r in z G B and is holomorphic in B) and satisfying 
L z = dtf(z, t)\t=o for z G C then the sequence Fj can be chosen such that, 
in addition to the above, dtFj(z,t)\t=o = L z for every z G B and j G Z + . 

IfY = C M then the above hold for all r G Z+. 

Proof. Consider first the case Y = C. We may assume that C contains the 
origin G C n in its interior. Taylor expansion in the t variable gives 

N 

f(z,t) = f (z) + Y,9j(z,t)tj, (z,t)eCxP 

3=1 

for some gj G A r (C x P). For each s < 1 the function g'j(z,t) = gj(sz,t) is 
holomorphic in xP D CxP; by choosing s close to one we insure that the 
approximation is as close as desired in C r (C x P). Fix an s, choose a polydisc 
Po <s P containing G C N and apply Runge's theorem to approximate 
in C r (C x Pq) by an entire function gj. The function 

N 

F(z,t)=f (z) + Y J 9j( z , t ) t j> (z,t)eBxC N 

3=1 

then approximates f on C x Pq and it agrees with /o on B x {0}. This gives 
a desired sequence Fj on the fixed domain Q = B x P. 

Assume in addition that L: B x C N — > C is a map of class A r (B x C N ) 
which is linear in the second variable and satisfies L z = ^.\t=of(z,t) for 
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z E C. By Taylor's formula we have 

N 

f(z, t) = f (z) + L z (t) + 9j,k( z i t)Wk, (*, t)eCxP, 

j,k=l 

for some gj^ £ A r (C x P). Approximating each gj^ in C r (C x Pq) by an 
entire function <ju- k : C n x — ► C and setting 

2V 

F(z,t) = f (z)+L z (t) + ^ g jtk (z,t)tjt k , (z,t) e B x C N , 

j,k=i 

gives the desired approximation. 

The case Y = C M follows by applying the above result to each component. 

Assume now that Y is an arbitrary complex manifold and that r > 2. 
By [SJ Theorem 2.6] the graph {(z, fo(z)) : z £ B} admits an open Stein 
neighborhood U C C n x Y. Choose a proper holomorphic embedding 
C A/ , an open neighborhood V C C M of $(^7) and a holomorphic 
retraction t: V — > onto $(U). We apply the already proved approx- 

imation result to the map (z,t) — > f(z,t) := &(z, f(z,t)) € C M to get a 
sequence i^- satisfying the conclusion of Lemma 13. II with respect to /. Let 
pry : C n x y — > y denote the projection onto the second factor. Assuming 
that Fj approximates / sufficiently closely on (C x Pq) U(5x {0}), the latter 
set has an open neighborhood Clj on which the map Fj = pry ° < 1 ) ~ 1 o t o Fj 
is defined, and the resulting sequence Fj satisfies the conclusion. □ 

Remark 3.2. We shall use Lemma f3.1l only with Y = C M and r G Z + . 
The reason for restricting to the case r > 2 for a general y was that, at 
the time of this writing, it was not known whether the graph of any A(B) 
map with values in Y admits an open Stein neighborhood; this has been 
proved in a subsequent publication of the second author |14L Theorem 1.2], 
and therefore Lemma 13 . 1 1 holds for all r € "L+ and an arbitrary manifold Y. 

4. Linearization around a section 

We shall prove that each section of class A r (D) over a strongly pseudo- 
convex domain is the core of a dominating spray (Corollary 14.2ft . This is 
the key to all main results of the paper. Applying Cartan's Theorem B for 
vector bundles of class A r (D) we then obtain an up to the boundary version 
of Grauert's tubular neighborhood theorem (Corollary 14. 3H . and Theorem 
II .11 easily follows. The main step is provided by the following result obtained 
by combining Propositions 12.4 1 and 13. ll (Compare with [U Lemma 4.2].) 

Proposition 4.1. Assume that D is a relatively compact strongly pseu- 
doconvex domain with C boundary (£ > 2) in a Stein manifold S, r E 
{0, 1, . . . ,£}, and h: X — > D is either an A Y (D)-bundle (Def. \1.6\) or the 
restriction to D of a holomorphic submersion h: X — > S. Given a section 
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fo G T\(D,X) and a surjective complex vector bundle map L: D x C — > 
FT(X)|j (j)) 0/ c/ass *4. r (-D) which covers fo, there exist a domain P C C w 
containing the origin and a (dominating) h-spray f : D x P —> X of class 
A r (D) satisfying 

(4.1) f(z,0) = f o (z), d t \ t=0 f(z,t) = L s , zeD. 

Furthermore, given a homotopy of sections /g G T r AD,X) (s G [0,1]), 
covered by a homotopy of surjective complex vector bundle maps L s : D x 
— > VT(X)|^s^^ which are holomorphic over D such that for s = 0, 1 

i/je map /q is i/ie central map of a spray f s over D x P and dt\t=of s (z, t) = 
L s z {z G D), there exist a domain P\ C P containing the origin and a 1- 
parametric spray F: [0,1] x D x Pi — > X of class A r (D) such that F s = 
F(s, • , • ) agrees with f s on D x Pi for s = 0, 1 and 

(4.2) F s (z,0) =f s {z), d t \ t=0 F s (z,t) = L s z , z€D, a € [0,1]- 

If /o and L s are smooth of order k with respect to the parameter s € [0, 1] 
then F s may also be chosen smooth of order k in s. 

Proof. The conditions on h: X — > D imply that each point xq G X admits 
an open neighborhood W C X isomorphic to a product U x V, where U is a 
relatively open subset of D and V is an open subset of a Euclidean space C*, 
such that in the coordinates x = (z,w) (z G U, w G C'), h is the projection 
(z, w) —* z. Such coordinate neighborhoods in X will be called special. 

By [24, Lemma 12.3] there exist strongly pseudoconvex domains Dq C 
Di C • • • C D m = D with C e boundaries such that Dq C D, and for 
every j = 0, 1, . . . , m — 1 we have -Dj+i = -Dj U Bj where Bj is a convex 
bump on Dj (Def. I2.3[) . Each of the sets -Bj may be chosen so small that 
fo(Bj) is contained in a special coordinate neighborhood of X. The essential 
ingredient in the proof is Narasimhan's lemma on local convexification. 

By Lemma 5.3 in |15| there exists a dominating /i-spray / with core /o 
over a neighborhood of Dq. We recall the main idea of the proof and show 
that / can be chosen to satisfy dt\t=of(z, t) = L z for z G Dq. Let {ej}j = i 
be the standard basis of . Set 

L,(/ (z)) := L z e 3 G VT fo(z) X, j = l,...,N. 

Note that fo(D) is a closed complex submanifold of X\d = h~ 1 (D) and 
hence admits an open Stein neighborhood f2 C X\d |49| . Each Lj is a holo- 
morphic section of the vertical tangent bundle VT{X) on the submanifold 
fo(D) of f2, and by Cartan's Theorem B it extends to a holomorphic vertical 
vector field on f2. Denote by Q\ its flow. The map 

f(z,ti,...,t N ) = ego...oelo9l 1 (f (z)), 

which is well defined and holomorphic for z in a neighborhood of -Do and 
for t = (ti, . . . ,tff) in an open set P C C N containing the origin, is then a 
dominating spray satisfying /(• ,0) = f and d t \ t =of(z,t) = L z . 
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To find a desired spray on D we perform a stepwise extension of / over 
the convex bumps Bq, . . . , B m -\. At the j-th step we assume that we have a 
spray Dj x Pj — ► X with the required properties, and we shall approximate 
it by a spray Dj+i X Pj+i — > X with a possibly smaller parameter set 
G Pj+i C Pj. Since all steps are of the same kind, it suffices to explain 
the first step j = 0. 

Applying Lemma 13.11 with the sets C = Dq D Bq, B = Bq (which are 
strictly convex in local holomorphic coordinates) and Y = C M (since fo(Bo) 
is contained in a special coordinate chart of X), we find an open set G P' C 
Pq, a relatively open set O C B x containing (C x P ) U(Bx P'), and a 
map /': Q — ► C M of class A r (fl) which approximates / in the C r topology 
on C x Pq, such that f(z,0) = f'(z,0) and d t \ t =of(z,t) = d t \t=of'(z,t) 
for z G C. If the approximation is sufficiently close then Lemma 4.4 in [5] 
furnishes a map 7(2, t) = i+c(z, t) of class .4 r (C x P') in a smaller parameter 
set G P' <s Pq which is C close to 70(2, f) = i, c(z,t) vanishes to second 
order at t = for all z E C, and = /'(^> 7(^)0) for ^ C 1 x P'- 

Applying [5l Theorem 3.2] to 7 on the Cartan pair (Dq,Bq) we obtain a 
smaller parameter set P\ C P' and maps a(z,t) = t + a(z,t) on /Jo x Pl> 
/5(z, t) = t + 6(z, t) on Bq x Pi, of class .A r and close to 7o(^, t) = t on their 
respective domains, such that a(z, i) and 6(z, t) vanish to second order at 
t = and 7(2, a(#, t)) = (3(z,t) for z £ C and i G Pi. (See Step (ii) in 
the proof of Proposition [2741 above.) Now (z,t) — > f(z,a(z,t)) is a spray of 
class ^4. r (P^o) which is C r -close to / and agrees with / to second order at 
t = 0, /'(z, /3(z, t)) is a spray with the analogous properties on Bq x Pi, and 
by construction the two sprays agree on C x Pi; hence they define a spray 
satisfying (14. ip on the set D\ = Dq U Bq. After m steps of this kind we 
obtain the first part of the Proposition. 

We continue with the parametric case (this will only be used in the proof 
of Theorem II .7p . Fix an s G [0, 1]. By the first part of the Proposition there 
exists an /i-spray f s : D x P — > X of class A r (D) satisfying 

f s (z,0) = f^z), d t \ t= Qf s {z,t) = L s z , z £ D. 

For s = 0, 1 we use the already given sprays. We wish to choose these sprays 
to depend continuously (or smoothly) on the parameter s. To do this, we 
shall first use a fixed spray f s to find a solution in an open interval I s C R 
around s, and finally we shall patch these solutions together. 

Fix a number u G [0,1]. Since L u is surjective, there is a direct sum 
splitting D x = E G, where E and G are vector bundles of class 
A r (D) and E z = kerL" for each z G D. (We use Theorem B for A(D)- 
bundles, due to Leiterer [37], and Heunemann's approximation theorem [26j : 
compare with the proof of Lemma 4.4 and the Appendix in [5].) We split 
the fiber variable on {z} x accordingly as t = t' z © t" z G E z ® G z . Note 
that L u : G — ► VT(X)\j- u ^ is a complex vector bundle isomorphism of 
class A r {D). By the inverse function theorem there is an open interval 
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lu = (u — 5, u + 5) Ci such that for each s G I u H [0, 1] there exists a unique 
section g s : D — > G of class .4 r (.D) satisfying 

r(z,0' 2 © 9s (z))=/ s (z), z £ D. 

It follows that the map 

tf'M = r(*,ti©&' + &(*))) 

is a dominating 1-parametric spray with the core /g for s£J u fl [0, 1]. For 
s = «we have g M = and H u = f u . 

It remains to adjust the t-differential of H 8 at t = 0. Elementary linear 
algebra shows that, after shrinking the interval I u if necessary, there exist 
for every s G I u a unique complex vector bundle automorphism A s : G — > G 
and a unique complex vector bundle map _B S : E — > G, both of class *4. r (D) 
and continuous in s, such that the map 

F s (z, t) = H 8 (z, t' z © (B% + A s z t" z )) , s € J„ n [0, 1], 

is a 1-parametric spray satisfying 3t | t= o-F s (.z, i) = L s z (t) for all z € 5 and 

aei tt n[o,i]. 

The above argument gives a finite covering of [0, 1] by intervals h = [a,-, 6,-] 
(j = 0, 1, . . . , m), where ao = < oq < 6o < a2 < &i < ■ ■ ■ < b m = 1, and for 
each j a 1-parametric spray Fj : Ij x I) x P — > X satisfying the conclusion 
of the Proposition on /j. 

It remains to patch the sprays {Fj}™ =Q into a 1-parametric spray F on 
[0,1]. Since each pair of adjacent intervals Ij, intersect in the seg- 
ment [aj-fi, bj] while each three intervals are disjoint, it suffices to explain 
how to patch Fj and Fj + \ to a spray over Ij U Ij+i- Choose a point 
u G (a,j+i,bj). Using a decomposition D x = E © G as above, with 

= ker dt \t=oFj(u, ■ , t), the implicit function theorem gives a segment 
Jj = [oij,Pj] C (aj + i,bj) with < u < (3j, a polydisc Pq C P contain- 
ing G C , and for each s 6 J 3 a unique map 7(5, z, t) = © + c(s, z, t)) 
of class A r {D x Po) whose derivatives of order < r in (z,t) & D X Pq are 
continuous in all variables and c(s, z, t) vanishes to second order at t = 0, 
such that 

.Fj(s, z, 7(s, z, t)) = Fj + i(s, z, t), s £ Ij, z G D, t G -Po- 

(The special form of 7 is insured by the fact that the first order jets of the 
sprays Fj and Pj+i with respect to t agree at t = for every s G Ij. For 
more details see Lemma 4.4 in [5].) Choose a smooth function M — > [0, 1] 
such that x( s ) = for s < ay and x(s) = 1 for s > The map 

(s, z, t) 1 ^ (s, z, ^ © 0" + x(s)c(s, z, t))) 

is then a 1-parametric spray of class A r (D) satisfying the Proposition on 
Ij U Ij+i- After m steps we obtain a solution on [0, 1]. □ 
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A map L as in Proposition 14.11 always exists for a sufficiently large N as 
follows from Cartan's Theorem A for coherent sheaves of A r modules on 
strongly pseudoconvex domains ([271 Theorem 6], [10]). Hence we get 

Corollary 4.2. (Existence of dominating sprays) Given h: X — > D and 
a section /o G F r ^(D,X) as in Proposition \4-l\ there exist a domain G 
P C C N for some N G N and a dominating h-spray f : D x P —>■ X of 
class A r (D) with the central section /o- Furthermore, for any homotopy of 
sections /q G T 7 ^(D,X) (s G [0,1]) i/iere exists a homotopy of dominating 
h-spray s f s :DxP^>Xof class A r (D) such that the core of f s equals /q 
for every s G [0, 1] . 

Corollary 14.21 implies the following 'up to the boundary' version of Grau- 
ert's tubular neighborhood theorem which allows linearization of analytic 
problems near a given section. 

Corollary 4.3. (Linearizing a neighborhood) Let h: X — > D be as in Propo- 
sition [TTTj Given a section f G F r AD,X) there exist a holomorphic vector 
bundle ir: E — ► D over an open neighborhood D C S of D, a relatively open 
neighborhood f2 of the zero section of the restricted bundle E\q := 7r -1 (.D) 
and a fiber preserving C r diffeomorphism Q — > $(f2) C X which is bi- 
holomorphic on Q Pi 7r _1 (D) and maps the zero section of E\q onto f(D). 

Proof. Let f:DxP— > Z be a dominating spray furnished by Corollary 
1431 There is a splitting D x C N = E E' of ^4 r (D)-vector bundles, where 
= ker dt\t=of(z, t) and £? is a complementary bundle (Theorem B for A r 
bundles, [27 \). The restriction of / to O = EC\P satisfies Corollary 14.31 □ 

Note that E in Corollary 14.31 is just the normal bundle of the given section 
/: D — > X, and it can be identified with the restriction of the vertical 
tangent bundle VT(X) = kerdh to f(D). When r > 2 and h extends to a 
holomorphic submersion X — > D over an open neighborhood D of D in S, 
f(D) admits a basis of open Stein neighborhoods in X Theorem 2.6] and 
the conclusion of Corollary 14.31 easily follows from standard methods. 

Corollary 14.31 implies the following result concerning the deformation 
space of a map in A r (D,Y). For related results concerning maps in L 2 - 
Sobolev classes from certain bordered Riemann surfaces to (almost) complex 
manifolds see Ivashkovich and Shevchishin [29^ 130] . 

Corollary 4.4. (The deformation space of an A r map) Assume that D is 
a relatively compact domain with strongly pseudoconvex boundary of class 
C l (£ > 2) in a Stein manifold. If r G {0, 1, ... ,£} and Y is an arbitrary 
complex manifold then for any /o G A r (D, Y) the space of all f G A r (D,Y) 
which are sufficiently C Q -close to is isomorphic to the space of C° '-small 
sections in T\(D,E), where E = f$(TY). 
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Proof. We may consider maps / : D — > Y as sections of the product fibration 
h: X = D x Y —> D. Fix /o 6 r^(£>,X). Let $: O -> C X be as 

in Corollary 14.31 where $7 is an open neighborhood of the zero section in 
the complex vector bundle E = /q(TY) and $ maps the zero section of 
E onto fo(D). If /: D — > X is a section in r^(Z),X) which is sufficiently 
uniformly close to fo then /(-D) C *1?(^), and hence / = $ o /' for a unique 
/' G r^p, £) with f(D) Cfl. □ 

Proof of Theorem The proof is similar to Lempert's construction in 
|381 §2], and our Corollary 14.41 plavs a similar role as Lemma 2.1 in that 
paper. (For the smooth case see also Palais [44, 45J.) The key difference 
is that the sprays in our paper must be holomorphic in the base variable 
z G D, and their construction is one of the main technical ingredients of our 
proof. 

Given /o G A r (D,Y), Corollary 14.41 furnishes a contractible local chart 
U C A r (D,Y) consisting of all maps z — > ^(z,^(z)) (z G D), where £ G 
T r ^(D, /q (TY)) is a section with range in an open, fiberwise contractible set 
Slo C Eq = /q (TY) containing the zero section. The transition map between 
any pair of such charts is of the form 

r A (D,E )B^^r A (D,E 1 ), 

where £(z) = (z G D) for a fiber preserving diffeomorphism ^ 

of class A r from an open subset of $7o C Eq onto an open subset of E\ = 
f*(TY). (Actually Eq and E\ are isomorphic since f\ is isotopic to /o due 
to fiber contractibility of the set Qq.) In local coordinates (z, w) on Eq resp. 
-Ei, ^ is of the form ^f(z, w) = (z, ip(z, w)). The differential of the transition 
map £ — > ^ at applied to a tangent vector r\ G r^(D, £"o), equals 

z ^ d 2 ^(z,£(z))r](z), zeD. 

Since the partial differential is nondegenerate and the C r regularity up 
to the boundary is preserved when differentiating on the fiber variable, we 
see that the differential is a complex Banach space isomorphism effected by 
d2^{' , £(" ))) and hence the transition map is biholomorphic. □ 

5. Uniform approximation of holomorphic sections 

In this section we prove the following approximation theorem which in- 
cludes Theorem 11.21 as a special case. 

Theorem 5.1. Assume that D <e S is a strongly pseudoconvex domain of 
class (I > 2) in a Stein manifold S. Let h: X — > S be a holomorphic 
submersion of a complex manifold X onto S and let r G {0, 1, . . . ,£}. Every 
section f G Ta(D,X) can be approximated in the C r topology on D by 
sections which are holomorphic in open neighborhoods of D in S. 
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Proof. Let n = dimS" and n + m = dimX. Denote by pr\ resp. pr2 the 
coordinate projections of C n x C m onto the respective factors C n , C m , and 
let BcC", B'C C m denote the unit balls. 

Since h: X — > S is a holomorphic submersion, there exist for each point 
xo £ X open neighborhoods xo £ W C X, h(xo) £ V C S, and biholo- 
morphic maps <p: V -» £ C C n , W -> 5 x B' C C n x C m , such that 
(j)(h(x)) = pri(&(x)) for every x G W. Thus <3? is of the form 

$(x) = (0(/i(x)), <£'(x)) £BxB', x G W, 

where </>' = pr<i o $. Let us call such (W, V, 3>) a special coordinate chart on 
X. Note that fr(W) = V. 

Fix a section f : D ^ X m T r ^(D,X). Using Narasimhan's lemma on 
local convexification of a strongly pseudoconvex hypersurface we find finitely 
many special coordinate charts (Wj,Vj,&j) on X, with $j = {<pj o h,(j>j), 

such that 6.D C U^? =i y 7 ' and the following hold for j = 1, . . . , jo: 

(i) <pj(bD D Vj) is a strongly convex hypersurface in the ball B C C n , 

(ii) /(.D n Vj) C Wj, and 

(iii) ^.(/(Dn^))cB'. 

Choose a number c < 1 sufficiently close to 1 such that the sets Uj = 
<j)J l (cB) <eVj (j = 1, . . . , jo) still cover bD. 

By a finite induction we shall construct an increasing sequence of strongly 
pseudoconvex domains with C boundaries D = Dq C D\ C • • • C Dj <£= S 
and sections fk G F^D^, X) (k = 0, 1, . . . ,jo), with /o = /, such that for 
every k = 1,... ,jo the restriction of fk to D^-i will be close to the previous 
section fk-\ in V^(Dk~i,X). The domain of fk will in general depend 
on the rate of approximation on Dk-\ and will be chosen such that 

Dfc_i C D k C U V fc , 6£> fc _i HU k CD k 

for fc = 1, . . . , j'o; that is, we enlarge D k _i inside the k-th coordinate neigh- 
borhood Vfc so that the part of 6-Dfc-i which lies in the smaller set U k is 
contained in the next domain D k . The final domain Dj will contain D in 
its interior, and the section fj G T r ^(Dj , X) will approximate / as close 
as desired in C r (D,X). To keep the induction going we will also insure at 
every step that the properties (ii) and (iii) above remain valid with (D, f) 
replaced by (D k , f k ) for all j = 1, . . . , j . 

Since all steps will be of exactly the same kind, we shall explain how to 
get (Z?i, fi) from (D, f) = (Do, fo). We begin by finding a domain D[ with 
C e boundary in S which is a convex bump on D = Dq (Def. I2.3H such that 
U\ Pi Do C D[ <e V\. We shall first find a set D[ <s B with desired properties 
and then take D[ = ^(D^). 

Choose a smooth function \ > with compact support contained in 
B C C™ such that x = 1 on cB. Let r: B — > R be a strongly convex 
defining function for the domain 0i(-D n V\) C -B. Choose c' G (c, 1) close 
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to 1 such that the hypersurface 4>\(bD fl V\) = {r = 0} intersects the sphere 
{\z\ = c'} transversely. If 5 > is chosen sufficiently small then the set 

{^C": \z\<c', r{z)<5 X (z)} 

satisfies the required properties, except that it is not smooth along the in- 
tersection of the hypersurfaces {\z\ = c'} and {r = 5x}- By rounding off the 
corners of the intersection we get a strongly convex set D[ in B such that 
D[ = C V\ satisfies the desired properties (Fig. [T|). 




Figure 1. The domains D[ and D 1 



Proposition 14.11 furnishes a dominating /i-spray P : D x P — > X of class 
A r (D) with the core section Fq = f. By shrinking its parameter set P C 
if necessary we can insure that properties (ii) and (iii) above are satisfied if 
we replace / = Fq by any section F t = F(- ,t), t G P. 

By using the special coordinate chart (Wi, V±, $i) we find an open set ft C 
V\ containing Dr\V\ and a holomorphic /i-spray G: 17 x P — > X|q = 
with range contained in Wi, such that the restriction of G to (D n Vi) x P 
approximates P as close as desired in the C r topology. (The size of Q will 
depend onG.) 

We wish to use Proposition 12.41 to glue P and G into a single /i-spray. 
We cannot do this directly since their domains do not form a Cartan pair. 
(The domain of G need not contain all of the set D[ which forms a Cartan 
pair with D.) We proceed as follows. If G is sufficiently close to P in the 
C r topology on the intersection of their domains, Lemma 4.4 in [5] furnishes 
a transition map 7(2, t) = z + c(z, t) of class A r between P and G, defined 
for z € D n D[ and t in a smaller parameter set P' <s P C C , such that 
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7 is C r close to 70(2, t) = t (depending on the closeness of G to P), and 
F(z, t) = G(z, y(z, t)) for z G D D D[ and t G P'. 

Theorem 3.2 in j5J 3 applied to 7 on the Cartan pair (P,P^), furnishes a 
smaller parameter set P\ C P' and maps a(z,t) = t + a(z,t) on D x Pi, 
i) = t + b(z, t) on P^ x Pi, of class *4, r and close to 70 on their respective 
domains, such that 7(3, a(z, t)) = f3(z,t) for z G P H D[ and i close to 0. 
The spray F(z, a(z, t)) is then defined on D x Pi and is close to P, the spray 
G(z, f3(z,t)) is defined on (^nO)nPi, and by the construction these sprays 
agree for z G P n P^ C 0. The central section /1 of the new amalgamated 
spray, obtained by setting t = 0, is then of class A r on D U (P^ D f2). 

It remains to restrict /1 to a suitably chosen strongly pseudoconvex do- 
main P>\ (e S contained in D U (D[ n fi) and satisfying the other required 
properties. We choose Pi such that it agrees with D outside of Vi, while 

DnV^^Hi^B-.riz) <e X (z)}) 

for a small e > (Fig. [Vj. By choosing e > sufficiently small (depending on 
fi) we insure that the hypotheses (i)-(iii) are satisfied by the pair (D\,fi). 
This completes the first step. 

Applying the same procedure to (Pi , f\) and the second chart (W%, V2, $2) 
we get the next pair (P2,/2)- After jo steps we find a section fj over a 
neighborhood Dj of D in S which approximates / as close as desired in 
the C r topology on D. Since all steps were made by homotopies, fj \u is 
homotopic to / = /o in F r A (D,X). □ 

Proof of Theorem \1.3l Assume that P is a relatively compact connected 
domain with C 2 boundary in an open Riemann surface S and fo : D — > 

Y is a map of class A(D, Y) to an n-dimensional complex space Y. We 
wish to prove that /o can be uniformly approximated by maps which are 
holomorphic in open neighborhoods of D in S. (The analogous result for 
maps of class A r (D, Y) can be proved in a similar way.) 

We proceed by induction on the dimension of Y . Assume that the result 
already holds for complex spaces of dimension < n = dim Y (this is trivially 
satisfied when n = 1). If fo(D) C Y s i ng , the inductive hypothesis gives 
approximation of fo by holomorphic maps to Y s i ng . (It may happen that 
the image of any nearby holomorphic map is contained in Y s i ng ; see the 
example in [18j.) 

Suppose now that fo(D) <£_ Y s i ng . The set a = {z G D: fo(z) G Y S i ng } is 
locally the common zero set of finitely many functions of class A(D); hence 
a is a closed subset of D such that a fl P is discrete in D and a n bD has 
linear measure zero in bD. 

We shall need the following result analogous to Corollary 14.21 

Lemma 5.2. (Notation as above.) There exists a spray of maps f: DxP — > 

Y of class A(D) which is dominating on D\o~ and whose core map is /q. 
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Proof. As in the proof of Proposition 14.11 we choose a finite sequence of 
domains Dq C D\ C • • • C D m = D with C 2 boundaries such that Dq C D, 
and for every j = 0, 1, . . . , m — 1 we have Pj+i = Dj U Bj where Bj is 
a convex bump on Dj (Def. 12. 3ft . In addition, the properties of the set 
cr = f^iYging) imply that the sets Bj and Dj can be chosen such that the 
following hold for each j = 0, . . . , m — 1: 

(i) o-nbDjDD = 0, 

(ii) aDbDj DbD is contained in the relative interior of bDjDbD (in bD), 

(iii) cr n n Bj = 0. 

Lemma 4.2 in [5] furnishes sprays / : Dq x P — » F and f : Bq x P —> Y, 
satisfying the required properties over Do resp. Po. I n particular, the core 
of each of these two sprays is /o, restricted to the respective domain, and 
the exceptional set (the set where the spray fails to dominate) is a. Note 
that both sprays are dominating over the convex set Co = Dq n Bq by (iii) , 
and they agree at t = 0. 

The proof of Lemma 4.4 in [5j gives a map j(z, t) of class A{C$ x P) (after 
shrinking P around 0), satisfying f(z,t) = f'(z,j(z,t)) for (z,t) G Cq x P 
and 7(2,0) = for z G Co- (In that proof we have assumed that the 
two sprays are close to each other, but in the present situation this is not 
necessary since f(z,0) = f'(z,0) for z € Cq. It suffices to find a direct 
summand of class A(Cq) in Dq x C n to the kernel of the f-derivative of each 
of the two sprays and apply the implicit function theorem as in [5].) 

As in the proof of Lemma 13.11 we approximate 7 uniformly on Co x P 
by an entire map 7'(z,£) satisfying r /(z, 0) = for z € C n . The spray 
(z,t) — > f'(z,'Y(z,t)) is then defined on (Co x P) U (Bq x Pq) for some 
polydisc Po C C n around (which may depend on 7'), and it agrees with 
/ for t = 0. If the two sprays are sufficiently uniformly close to each other 
on Co x P (as we may assume to be the case), we can glue them into a new 
spray / with the required properties over D\ = Dq U Po- (See the proof of 
Proposition 14. II above, or the proof of Proposition 4.3 in [5]. The important 
point is that our sprays agree along t = 0, so we get a nonempty parameter 
set for the new spray.) Note also that the gluing process does not increase 
the exceptional set of the spray. After finitely many steps of this kind we 
get a desired spray / over D. □ 

To complete the proof of Theorem 11.31 we proceed exactly as in the proof 
of Theorem 5.1 in [5]. The main idea is to attach to D a convex bump B 
such that a n D n B = (this is possible since a n bD has empty interior 
in bD) and then approximate / by another spray over K = D U B. Let 
g: K — > Y denote the core of the new spray. There exists a holomorphic 
vector field £ in a neighborhood of K in S which points into D at every 
point of bD\B (we put no condition on £ at the points of bD D B; see [5]). 
Denoting its flow by 4>t, the map g°4>t is defined and holomorphic in an open 
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neighborhood of D for every sufficiently small t > 0, and it approximates g 
(and hence /o) uniformly on D. □ 

Combining Theorem 15.11 with the main result of [13] gives the following 
version of the Oka principle. Note that Corollary 11.51 is just Corollary 15.31 
applied to the product submersion X = S x Y — > S. 

Corollary 5.3. Assume that D d S is a strongly pseudoconvex domain 
with O(S) -convex closure in a Stein manifold S and h: X — > S is a holo- 
morphic fiber bundle whose fiber Y enjoys CAP (Def. \l-4\ )- For any contin- 
uous section fo : S — > X which is holomorphic on D there exists a homotopy 
ft'. S — > X of continuous sections such that ft\D is holomorphic and uni- 
formly close to /o|d for each t £ [0, 1], and f\ is holomorphic on S. 

Furthermore, every homotopy of continuous sections ft'- S — » X, with ft\o 
holomorphic for each t G [0, 1] and fo, fi holomorphic on S, can be deformed 
with fixed ends to a homotopy ft'- S —* X consisting of sections which are 
holomorphic on S such that the entire homotopy remains holomorphic on D. 

The analogous results hold for sections of class C r provided that bD € C f ' 
(£>2) and re {0,1,..., £}. 

Proof. By Theorem 15.11 we can approximate / as close as desired in the 
C r (D,X) topology by a C r section g: U — > X which is holomorphic in an 
open neighborhood U of D in S. If the approximation of / by g is sufficiently 
close and U is chosen sufficiently small then g is homotopic to f\u by a 
homotopy of C r sections gt'-U — > X (t G [0, 1], go = f, gi = g) which are 
holomorphic in D (Corollary 14. 3ft . Choose a smooth function x : S — > [0, 1] 
with compact support contained in U such that \ = 1 in a smaller open 
neighborhood of D. Set gt(z) = g x r z )t(z); this is a homotopy of C r sections 
which are holomorphic on D, they extend to all of S and equal / on S\U. 

Assuming that the fiber Y of h: X — > S enjoys CAP, Theorem 1.2 in 
|13j shows that g\ is homotopic to a holomorphic section f\ : S — > X by a 
homotopy of sections h± : S — * X (t € [0, 1], ho = gi, h\ = fx) which are 
holomorphic and uniformly close to g\ in an open neighborhood of D. By 
combining the homotopies gt and ht we obtain a homotopy from / = /o to 
/i satisfying the stated properties. 

Similarly, a homotopy {ft}te[o,i] hi the second statement can be deformed 
(with fixed ends at t = 0, 1) to a homotopy {/t'}te[o,i] consisting of sections 
which are holomorphic in an open neighborhood of D in S; it remains to 
apply the one-parametric Oka principle [13\ Theorem 5.1] to {//}. □ 

6. The Oka property for .4 r (D)-BUNDLES with flexible fibers 

Let D be a relatively compact strongly pseudoconvex domain in a Stein 
manifold S. Recall that A(D) denotes the algebra of all continuous functions 
on D which are holomorphic on D; we shall use the analogous notation for 
(open or closed) domains in D. 
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A compact set K in D is A{D)-convex if for every p G D\K there is a 
g G A{D) satisfying \g(p)\ > sup zeK \g(z)\. 

The following result is a precise version of Theorem 11.71 

Theorem 6.1. Assume that S is a Stein manifold, D <s= S is a strongly pseu- 
doconvex domain with C l boundary (£ >2),r6 {0, 1, . . . , £}, and h: X — > D 
is an Ay(D)-bundle (Def. \1.6\) . Choose a distance function d on the man- 
ifold J r (D,X) of all r-jets of sections D — > X of h. Let K be a compact 
A(D)-convex subset of D and let U C S be an open set containing K. If the 
fiber Y enjoys CAP (Def. \l-4\ ) then sections D — ► X satisfy the following: 

(i) Given a continuous section fo : D — > X which is of class C r onUnD 
and holomorphic in U D D, there exist for every e > an open 
neighborhood V C U of K and a homotopy of sections ft'. D — > X 
(t G [0, 1]) which are of class C r onVnD and holomorphic onVnD 
such that fi G T r ^(D,X) and 

sup d(jlft,jxfo) < e, t G [0, 1]. 

(ii) Given a homotopy of continuous sections ft'. D — * X (t G [0, 1]) such 
that /o,/i G T r ^(D,X), ft is holomorphic in U f] D and of class C r 
on U f]D for each t G [0, 1], with continuous dependence of j r ft\uc\b 
on t, there are an open neighborhood V C U of K and a homotopy 
of sections gt ;S '■ D — * X (t, s G [0, 1]) satisfying 

(1) 9t,o = ft, 9o,s = fo, gi.s = fi for all t,s G [0, 1], 

(2) g tA eT r A (D,X) for all te [0,1], 

(3) gt,s is of class C r on V H D, holomorphic on V D D, and 

sup d{j r x g ttS ,f x f t ) <e, s,t G [0, 1]. 

Proof. The proof of (i) will consist of two parts. In the first part we find a 
section g\ of X satisfying (i) on a strongly pseudoconvex domain D\ C D 
containing K and such that D is obtained from D\ by attaching finitely 
many convex bumps. In part 2 we show how to approximately extend the 
solution over each bump to get a solution fi on all of D. 

Part 1. We have D = {p < 0} where p is a C e strongly plurisubharmonic 
function in a neighborhood of D, with dp ^ on bD = p _1 (0). 

Consider first the case when K C D. Choose a constant c\ < close 
to such that K C D% := {z G D: p(x) < c{\ and dp ^ on {c\ < p < 
0} = D\Di. Since the fiber Y enjoys CAP, the Oka principle on open Stein 
manifolds [13} Theorem 1.2] gives a holomorphic section g\ of X over an 
open neighborhood of D\ which satisfies the conclusion (i) over D\ (with f\ 
replaced by g\). Now proceed directly to Part 2 below. 

The situation is more complicated when K n bD ^ 0. Let -Do = {p < c o} 
for some cq < close to such that dp / on {co < p < 0}. If Co is chosen 
sufficiently close to 0, there is a strongly pseudoconvex domain Bq C D 
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such that K C -Bo, {Bq,Dq) is a Cartan pair of class C , and -Bo fl .Do is 
holomorphically convex in D. (Here we used the assumption that K, and 
hence KC\Dq, is ,A(-D)-convex.) Set D\ = DqUBq (Fig.[2|). Suitable choices 
of Dq and Bq insure that D is obtained from D\ by attaching finitely many 
small convex bumps [24j Lemma 12.3]. 




Figure 2. The sets K, D , B and U 

Let U be as in the statement of the theorem. Choose a strongly pseudo- 
convex domain D' C D n U such that Bq C D' U 6-D. By Corollary 14 . 2 1 there 
exist a domain Bo C containing the origin and a dominating /i-spray 
f : D' x Pq —> X of class ,A r (.D') with the central section /ol^/- 

Let P (s Po be a ball centered at the origin in C^. Since the set (-BoPl-Do) x 
P is holomorphically convex in D x Pq and y enjoys CAP, the Oka principle 
for open Stein manifolds |13|. Theorem 1.2] gives an open neighborhood 
W C D of -Do and a holomorphic spray of sections /' : W x Pq ^ X which 
approximates / uniformly on a neighborhood of (BqDDq)xP; by the Cauchy 
estimates the approximation is then C r close on the latter set. Now we apply 
Proposition 12.41 to glue the spray / (over -Bo) and the spray /' (over Dq) to 
a new spray g : D\ x P' — > X of class A r {D\ ) which approximates / in the 
C topology on (-Bo H B>o) x P'. Its central section g\ = g(- , 0) : D\ — * X 
then satisfies condition (i) over D\. 

Part 2: By the choice of D\ there exist strongly pseudoconvex domains 
D\ C Z?2 C ■ ■ ■ C D m = D with C l boundaries such that for every j = 
1, . . . ,m — 1 we have Dj + i = Dj U Bj, where Bj is a convex bump on 
Dj (Def. 12. 3p . Each of the sets B\,... ,-B m -i is chosen so small that the 
fiber bundle X is trivial over its closure. To find a solution f\: D — ► X 
we successively extend the section g\ : D\ — » X found in Part 1 over each 
bump by using a finite induction; this will produce sections gj £ T r ^(Dj,X) 
(j = 2,3, ... ,m) such that the restriction of gj to ZX-i is homotopic to 
gj-i, and is close to g^-\ in r^(-Dj_i, X). Since all steps are of the same 
kind, it suffices to explain how to obtain g<i from g\. 
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Corollary 14.21 furnishes a ball P C containing the origin and a domi- 
nating /i-spray G\ : D\ x P — > X of class .A r (Z)i) with the central section g\. 
Let P' g P be a smaller ball around the origin. Since the fiber bundle X is 
trivial over B\, we can identify sections of X over (subsets of) B\ with maps 
to the fiber Y. Also, using local holomorphic coordinates in a neighborhood 
of B\ in S we shall identify B\ PI D\ C i?i with compact convex sets in C n . 

Using these identifications, we first approximate G% in the C r topology on 
(Bi nDi) x P' by a holomorphic map from an open neighborhood of this set 
(in C n x C^) to Y (just precompose G\ with linear contractions to an interior 
point of its domain); by using the CAP property of Y we then approximate 
this map by an entire map C n x — > Y. Passing back to subsets of S, 
the above procedure gives a spray G\ : B\ x P' — > X of class „4 r (.Bi) which 
approximates Gi as close as desired in the C r topology on (D\ n B\) x P' . 
Finally we glue G\ and G[ into a spray G2 : x -f 5 " ^ A of class ^4 r (L'2) 
by appealing to Proposition I2.4L Letting 52 = G2 (•>()): Z) 2 — > X be the 
central section of G2 we complete the induction step. 

After m steps of this kind we obtain a section g m € Y r AD, X) (which we 
now call /1) satisfying the conclusion of Theorem 16.11 (i). A homotopy from 
/o to fi with the stated properties is obtained by combining the homotopies 
obtained in the individual steps of the proof. 

Part (ii) is proved in essentially the same way by using the equivalence be- 
tween CAP and the one-parametric Oka property }13j §5]. A one-parametric 
spray with the given center is furnished by the parametric part of Corollary 
14.21 an d we glue sprays by the parametric version of Proposition 12.41 □ 

In conclusion we mention the following (apparently) open problem. 

Problem 6.2. Assume that D is a smoothly bounded strongly pseudocon- 
vex domain in a Stein manifold, r E N U {00}, and X — > D is a fiber bundle 
of class A r (D). Let /: D —* X be a section of class A(D). Is it possible to 
approximate / uniformly on D by sections of class A r (D) ? 

Added in the final revision. In the subsequent paper [Hj of the second au- 
thor the conclusion of Theorem ll.ll is extended to Holder and Sobolev spaces 
of holomorphic maps, using the fact that the graph of any map f:D^Y 
of class A(D) admits a basis of open Stein neighborhoods in the ambient 
manifold 5x7 [14} Theorem 1.2]. However, open Stein neighborhoods can- 
not be used in the proofs of Theorems 11.71 and 16.11 since the bundle is only 
defined over D. 

Acknowledgements. We wish to thank J. Leiterer for pointing out the 
works of Heunemann and Sebbar, and L. Lempert for helpful remarks con- 
cerning the theory of complex Banach manifolds. 
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